CATEGORICAL RESOLUTIONS, POSET SCHEMES AND DU BOIS 

SINGULARITIES 



VALERY A. LUNTS 

t-H . 

Abstract. We introduce the notion of a poset scheme and study the categories of quasi- 
coherent sheaves on such spaces. We then show that smooth poset schemes may be used to 
obtain categorical resolutions of singularities for usual singular schemes. We prove that a 
j / - ^ . singular variety X possesses such a resolution if and only if X has Du Bois singularities. 

Finally we show that the de Rham-Du Bois complex for an algebraic variety Y may be 
CNj ' defined using any smooth poset scheme which satisfies the descent over Y in the classical 

topology. 
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1. Introduction 

1.1. Categorical resolutions. There is a good notion of smoothness for a DG algebra 
A. Namely, A is called smooth if it is a perfect DG A° v (g> A -module. This notion is 
Morita invariant: if DG algebras A and B are derived equivalent (i.e. there exists a DG 

L 

A op (g) B -module M, such that the functor (— ) ®a M : D(A) — > D(B) is an equivalence), 
then A is smooth if and only if B is such. This allows one to define smoothness of derived 
categories D(A), and consequently of cocomplete triangulated categories which possess a 
compact generator (and have an enhancement). Examples of such categories are the derived 
categories D(X) of quasi-coherent sheaves on quasi-compact and separated schemes X (see 
for example [BoVdB ). The scheme X is smooth if and only if the category D(X) is 
smooth in the above sense. 

In the paper |Lu2| we have introduced the concept of a categorical resolution of singular- 
ities. Namely, given a DG algebra A, a categorical resolution of D(A) is a pair (B,M), 
where B is a smooth DG algebra and M is a DG A op (g> B -module, such that the func- 

L 

tor (— ) ®a M : D{A) — > D(B) is full and faithful on the subcategory of perfect DG 
A -modules. The main result of [Lu2j is the following theorem. 

Theorem 1.1. Let X be a separated scheme of finite type over a perfect field k. Then 
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a) There exists a classical generator E € D b (cohX) , such that the DG algebra A = 
RHom(£?, is smooth and hence the functor 

RHom{E, -) : D(X) -)■ D(A) 

is a categorical resolution. 

b) Given any other classical generator E' € D b (cohX) with A' = RHom(£', E') , the 
DG algebras A and A' are derived equivalent. 

This theorem provides an intrinsic categorical resolution for D(X). This resolution has 
the flavor of Koszul duality. The resolving DG algebra A is Morita equivalent to its opposite 
A op and usually has unbounded cohomology. 

Example 1.2. If in Theorem \1.1\ X = Spec(k[e]/e 2 ), and E = k, then A = k[t], where 
deg(i) = 1. 

We should note that the notion of categorical resolutions is different from the usual 
resolution of singularities. Namely if X is an algebraic variety and a : X —> X is its 
resolution of singularities, then Ler* : D(X) —¥ D{X) is a categorical resolution if and 
only if X has rational singularities. If D(X) — > D{A) is a categorical resolution (and the 
singularities of X are not rational), we find that the category D(A) has a closer relation to 
D{X) than D(X). Also one may consider categorical resolutions of nonreduced schemes. 

Conjecture. Let X be a separated scheme of finite type over a field. Then there exists a 
smooth DG algebra A with H l (A) = for \i\ >> and a functor D(X) — >■ D(A) which 
is a categorical resolution. 

1.2. Smooth poset schemes and Du Bois singularities. In this article we introduce 
a new class of smooth categories, which are constructed by "gluing" the categories D(X) 
for smooth schemes X. Namely, we consider poset schemes X which by definition are 
diagrams of schemes {X a } a ^s indexed by elements of a finite poset S with a morphism 
f a /3 : X a — > X/3 iff a > f3. There is a natural notion of a quasi-coherent sheaf on X, 
which gives us the abelian category QcohX and its derived category D(X). This derived 
category is cocomplete and has a compact generator (if all schemes X a are separated 
and quasi-compact). So D(X) ~ D(A) for a DG algebra A. The category D{X) is 
smooth if the poset scheme X is smooth (i.e. all schemes X a are such). In any case 
the category D{X) has a natural semi-orthogonal decomposition with semi-orthogonal 
summands D(X a ), a £ S. In this last sense we consider D(X) as a gluing of the categories 
D(X a ) along the morphisms f a p. 
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There is a natural notion of a morphism tt : X — > X from a poset scheme X to a scheme 
X and the corresponding functor L-7T* : -D(X) — > D(X). We say that n is a categorical 
resolution if X is smooth and L-7T* is a categorical resolution. We prove the following 
theorem (=Theorem 112.11"]) . 

Theorem 1.3. Let X be a reduced separated scheme of finite type over a field of charac- 
teristic zero. Then X has a categorical resolution by a smooth poset scheme if and only if 
X has Du Bois singularities. 

The "if direction in the theorem is essentially the definition of Du Bois singularities (plus 
the work [LNM1335J), and the other direction is a consequence of the general functorial 
formalism which we develop. This theorem proves the above conjecture in the case of Du 
Bois singularities. 

Corollary 1.4. Let X be a reduced separated scheme of finite type over afield of charac- 
teristic zero. Assume that X has Du Bois singularities. Then there exists a smooth DG 
algebra A and a categorical resolution D(X) — > D(A), such that 

1) H i {A) = for \i\ » 0; 

2) D(A) has a finite semi-orthogonal decomposition with summands D{Xi) where each 
Xi is smooth and X\ is a usual resolution of X; 

3) If X is proper, then each Xi is also proper. In particular in this case the DG algebra 
A is proper (has finite dimensional cohomology) . 

Theorems 110. 1 II 1.2|1 1.5112.11114.11 may be viewed applications of our theory of smooth 
projective poset schemes to the study of Du Bois singularities. In particular, Theorem 
114.11 asserts that the de Rham-Du Bois complex may be defined by means of any smooth 
projective poset scheme which satisfies the descent in the classical topology. 

Our poset schemes are generalizations of configuration schemes studied in |Lul] . (A 
configuration scheme is a poset scheme where all the structure morphisms f a p are closed 
embeddings). Although the notion of a categorical resolution is not present explicitly in 
[Lul| the ideas discussed in that paper are similar to what we do here. 

1.3. Organization of the paper. The paper consists of two parts. In the first one we 
develop in detail the theory of poset schemes and discuss their relationship with categorical 
resolutions. In the second part we prove three results on degeneration of spectral sequences 
for smooth projective poset schemes (Theorems I10.1|11.2lll.5jl These results are used to 
prove Theorem 114.11 In Theorem 1 1 2 . 1 1 1 we establish a connection between Du Bois singu- 
larities and the existence of a categorical resolution by a smooth poset scheme. 

The appendix contains some general facts on functors between derived categories of 
quasi-coherent sheaves. 
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In |Lu2j we have collected some well known general categorical facts about cocomplete 
triangulated categories, existence of compact generators, smoothness of DG algebras, exis- 
tence of enough h-injectives in derived categories of Grothendieck abelian categories, etc. 
These fact are not discussed in this article and we refer the reader to |Lu2j as needed. 

I want to thank Tony Pantev who first suggested a connection between categorical res- 
olutions by poset schemes and Du Bois singularities. A discussion of Du Bois singularities 
with Karl Schwede helped me understand the subject. Finally I thank the participants of 
algebraic geometry seminar in Steklov Institute in Moscow for their interest in this work. 

Part 1. Categorical resolutions by poset schemes 

2. QUASI-COHERENT SHEAVES ON POSET SCHEMES 

We fix a base field k. A "scheme" means a separated quasi-compact k -scheme, all 
morphisms of schemes are assumed to be separated and quasi-compact. All the products 
and tensor products are taken over k unless specified otherwise. Throughout this article a 
"poset" (=a partially ordered set) means a finite poset. 

Definition 2.1. Let S = {a, /?...} be a poset which we consider as a category: the set 
Hom(a,/3) has a unique element if a > (3 and is empty otherwise. Then an S -scheme, 
or an S -poset scheme, or a poset scheme is simply a functor from S to the category of 
schemes. In other words, a poset scheme is a collection X = {X a , f a p}a>f3£S > where X a is 
a scheme and f a p : X a — > Xp is a morphism of schemes, such that fp^fap = fon- We call 
X noetherian, regular, smooth, of finite type, essentially of finite type, etc. if all schemes 
X a € X are such. 

Definition 2.2. Let X = {X a ,f a p} be a poset scheme. A quasi- coherent sheaf on X is 
a collection F = {F a € Qcoh{X a ),ip a p : f^pF/l — > F a } so that the morphisms ip satisfy 
the usual cocycle condition: ip a ^ = (p a p ■ /^(v 3 ^)- Quasi- coherent sheaves on X form a 
category in the obvious way. We denote this category QcohX. 

Lemma 2.3. The category QcohX is an abelian category. 

Proof. Indeed, given a morphism g : F — > G in QcohX we define Ker(g) and Coker(g) 
componentwise. Namely, put Ker(g) Q := Ker(g Q ), Coker(g) Q := Coker(g Q ). Note that 
Coker(g) is well defined since the functors /*g are right-exact. □ 

Remark 2.4. A quasi- coherent sheaf F on a poset scheme X = {X a ,f a p} can be equiv- 
alent^ defined as a collection F = {F a € Qcoh{X a ),il) a p : Fp — > f a /3*F a }, so that the 
morphisms ip satisfy the usual cocycle condition: ip a ^ = fBj*(t/j a p) ■ ipp-/- 
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Definition 2.5. The quasi- coherent sheaf Ox = {Ox a ,<ftai3 = id} is called the structure 
sheaf of X. Also for each i > we have the natural sheaf Q x - the i-th exterior power 
of the sheaf of Kahler differentials Q x . Together these sheaves form the deRham complex 
( as usual the differential in Q x is not Ox -linear; it is a differential operator of order 

!)■ 

2.1. Operations with quasi-coherent sheaves on poset schemes. Let S be a finite 
poset and X be an S -scheme. Denote for short M = QcohX and M a = QcohX a . For 
F G M define its support Supp(F) = {a G S\F a / 0} . 

Define a topology on S by taking as a basis of open sets the subsets U a = {j3 G S\(3 > a} . 

Note that Z a = {7 G S\j < a} is a closed subset in S . 

Let U C S be open and Z = S — U - the complementary closed. Let Mu (resp. Mz ) 
be the full subcategory of M consisting of objects F with support in U (resp. in Z). 
For every object F in M there is a natural short exact sequence 

-»• Ft/ -> F -> F z -> 0, 

where F{/ G A^f/ , F^ G Al^ • Indeed, take 

F Q , if a G [7, 



(Fc/) Q = 



0, if a G 



F a , ifaeZ, 
0, if a G C/. 

We may consider U (resp. Z ) as a subcategory of S and restrict the poset scheme X to 
[7 (resp. to Z). Denote these restrictions by X(U) and X(Z) and the corresponding 
categories by A4(U) and M.{Z) respectively. 

Denote by j : U ^ S and i : Z ^ S the inclusions. We get the obvious restriction 
functors 

j* =j l ;M -+M(U), i*:M^M(Z). 

Clearly these functors are exact. The functor j* has an exact left adjoint j\ : M(U) — >■ M 
("extension by zero"). Its image is the subcategory Mu ■ The functor i* has an exact 
right adjoint i* = i\ : A4(Z) — >■ M (also "extension by zero"). Its image is the subcategory 
Mz ■ It follows that j* and preserve injectives (as right adjoints to exact functors). We 
have = Id , i*i* = Id. 

Note that the short exact sequence above is just 

-> j\j*F -> F -> ^^F -> 0, 

where the two middle arrows are the adjunction maps. 
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The functor also has a left-exact right adjoint functor v . Namely vF is the largest 
subobject of F which is supported on Z . 

For a G S denote by j a : {a} s> S the inclusion. The inverse image functor j* : M — >■ 
M. a , F F a has a right-exact left adjoint j a+ defined as follows 



f* a P, if p > a, 
0, otherwise. 



Thus for P G M a , Supp j Q+ P C U a . 

We also consider the "extension by zero" functor j a \ : A4 C 



M. defined by 



3cA{P)p 



P, if a = 0, 
0, otherwise. 



Lemma 2.6. The functor j a :M.^ M. a has a right adjoint j a * 
left-exact and preserves infectives. For P G M. a Supp(j a *P) C Z a 



This functor j aif is 



Proof. Given P G M. a we set 

Ja* 

and the structure map 
is the adjunction map 



/ Q7 *(P), if 7 < a, 
0, otherwise, 



<Pj6 : f*8i(ja*P)s) -> (ia*P)- 



f^sfaj*P — /■ysf"f<>*f a 'y*P ~ ^ fa8*P 

if (5 < 7 < a and <^ 7< 5 = otherwise. 

It is clear that j a * is left-exact and that Supp (j a *P) C Z a . 
Let us prove that j a * is the right adjoint to j* . 

Let P G .M a and M = {M 7 ,(^ 7/ g} G .M . Given g a G Hom(M a ,P) for each 7 < a we 
obtain a map <7 a • ip ai : /* 7 M 7 — > P and hence by adjunction 57 : M 7 — > f ai *P = (j a *P) 7 • 
The collection g = {57} is a morphism g : M — > j a *P ■ It remains to show that the 
constructed map 

Hom(M Q ,P) -»• Hom(M, j a *P) 
is surjective or, equivalently, that the restriction map 

Hom(M, j m P) -> Hom(M a , P), g h+ 5a 

is injective. 
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Assume that 7^ g € Hom(M, j'q,* P) , i.e. g 7 ^ for some 7 < a . By definition we 
have the commutative diagram 

f* M f " ji9j \ f* f p 



M a P, 

where ep is the adjunction morphism. Note that epf* 1 (g 1 ) : /* 7 M 7 — > P is the morphism, 
which corresponds to g 7 : M 7 — > / Q7 *P by the adjunction property. Hence epfa^id"/) 7^ • 
Therefore g a ^ . This shows the injectivity of the restriction map g ^ g a and proves 
that j aif is the right adjoint to j* . Finally, j a * preserves injectives being the right adjoint 
to an exact functor. □ 

Lemma 2.7. The abelian category A4 is a Grothendieck category. In particular it has 
enough injectives and the corresponding category of complexes C(Ai) has enough h-injectives 
\KaSch\,Thm.l4.1.7. 

Proof. For a usual quasi-compact and quasi-separated scheme X the category QcohX is 
known to be Grothendieck [ThTr] . Appendix B. The category Ai is abelian [2.31 and has 
arbitrary direct sums (since the "gluing" functors f*g preserve direct sums), so it has 
arbitrary colimits. Filtered colimits are exact, because the exactness is determined locally 
on each X a . It remains to prove the existence of a generator for the abelian category A4. 
For each a G S choose a generator M a € QcohX a . We claim that M := Q Q (j a +M a ) is a 
generator in A4. Indeed, let g : F — > G be a morphism in M, such that : Hom(M, F) — > 
Hom(M, G) is an isomorphism. We have 

Hom(M, -) = Q Bom(j a+ M a , -) = Q Hom(M Q , (-)«). 

So for each a the map g a * : Hom(M Q ,P Q ) — > Hom(M a ,G Q ) is an isomorphism, hence g a 
is an isomorphism. Thus g is an isomorphism. □ 

2.2. Summary of functors and their properties. For reader's convenience we list all 
the functors introduced so far together with their properties. 
Functors : j* =f,ji,i*,i* = i\, i l , j*, j a +, ja*- 

Exactness : j* - exact; i\j a * - left-exact; j a+ - right-exact. 
Adjunction : (ja+,3%), tiaJa*) are adjoint pairs. 

Preserve direct sums : All the above functors preserve direct sums. (The functor j a * pre- 
serves direct sums because the morphisms f a p are quasi-compact.) 

Preserve injectives: j*,i*,i',j a * preserve injectives because they are right adjoint to exact 
functors. 
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Tensor product: The bifunctor ® : Ai x Ai — > Ai is denned componentwise: (F <S> G) a = 
F a ®o Xa G a - 

2.3. Cohomological dimension of poset schemes. We keep the notation of Subsection 
IO 

Proposition 2.8. If the poset scheme X is regular noetherian, then Ai has finite coho- 
mological dimension. 

Proof. The proposition asserts that any F in Ai has a finite injective resolution. Equiv- 
alently, a finite complex in Ai is quasi-isomorphic to a finite complex of injectives. We 
argue by induction on the cardinality of S, the case \S\ = 1 is well known. 

Let (3 £ S be a biggest element. Put U = Up = {f3} , Z = S -U . Let j = jp : U S 
and i : Z ^ S be the corresponding open and closed embeddings. 

Fix F in Ai; it suffices to find finite injective resolutions for j\j*F and i*i*F . Let 
j*F — > ii , i*F — > ^2 be such resolutions in categories A4(J7) and Ai(Z) respectively. 
Then i*i*F — > i*/2 will be an injective resolution in A'l . Note that is a (finite) 

complex of injectives in Ai and that the cone K of the natural morphism j*j*F — > j*Ii is 
acyclic on Xp . Hence by the induction assumption K is quasi-isomorphic to i*J, where J 
is a finite complex of injectives in Ai(Z) . Therefore the object j*j*F has a finite injective 
resolution in A4. 

Consider the short exact sequence 

-»• j\fF -»• jJ*F ^G^O. 

Then Supp(C7) C Z and so by induction G = i*i*G has a finite injective resolution in Ai . 
Therefore the same is true for j\j*F . □ 

3. Derived categories of poset schemes 

Let S be a poset, X an S -scheme, Ai = QcohX, C(X) = C{Ai) - the abelian 
category of complexes in Ai, Ho(X) = Ho(Ai), D{X) = D(Ai) - its homotopy and 
derived category. 

j j 

Let U S Z be embeddings of an open U and a complementary closed Z . The 
exact functors j* , j\ j* a extend trivially to corresponding functors between derived cat- 
egories D(M), D(M(U)), D(M(Z)), D(X a ). To define the derived functors of the other 
functors we need h-injective and h-flat objects in C(Ai). (There are enough h-injectives by 
Lemma \2.7\i 

Definition 3.1. An object F E C(Ai) is called h-flat if for any acyclic complex S G C(Ai) 
the complex F <g> S is acyclic. 
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Notice that for any a G S the functor j aif : C(X a ) — > C(X) preserves h-injectives. 
Indeed, its left adjoint functor j* preserves acyclic complexes. Denote by SI{X) C Ho(X) 
the full triangulated subcategory classically generated by objects j a *M, for h-injective 
M G C(X a ). We call objects of SI(X) special h-injectives. It is sometimes convenient to 
use the following lemma. 

Lemma 3.2. There are enough special injectives in D(X). 

Proof. Fix F G C(X) and let /3 G S be a biggest element such that the complex is not 
acyclic. Choose an h-injective resolution p : Fr — > / in D(X ( g). By adjunction it induces 
a morphism <r : F —> js*I. By construction the cone C a of the morphism a is acyclic on 
X 7 for all 7 > /3. So by induction we may assume that there exists a special h-injective 
J and a quasi-isomorphism C CT — > J. So F is quasi-isomorphic to the (shifted) cone of a 
morphism j^I — > J. □ 

It is known that for any quasi-compact separated scheme X there are enough h-flats 
in D(X) [AUeLi| . Proposition 1.1. Clearly, an object F £ C(X) is h-flat if and only if 
F a € C{X a ) is h-flat for every a £ S. Let M G C(X Q ) be h-flat. Then j a+ M G C(X) 
is also such. Indeed, the inverse image functors ft a preserve h-flats Sp , Proposition 5.4. 
Denote by SF(X) C Ho(X) the full triangulated subcategory classically generated by 
objects j a+ M, where M G C(X a ) is h-flat. We call objects of SF(X) special h-flats. 

Lemma 3.3. There are enough special h-flats in D(X). 

Proof. Similar to the proof of Lemma 1331 but using the adjoint pair (j Q +,i*) instead of 

We now use h-injectives to define the right derived functors 

Rj Q * : D(X a ) -> D(X), Ri ! : D(X) -> D(X(Z)), 
and h-flats to define the left derived functor 

Lj a+ : D(X a ) -> D(X) 

L 

and the derived functor (— ) ® (— ) : D(X) x D(X) — > D(X) (by resolving any of the two 
variables) . 

3.1. Summary of functors and their properties. 

Preserve h-flats and h-injectives: The functors j* j*, 

ja+ between the categories 

C(X), C{X(U)), C(X(Z)), C(X 

ck ) preserve h-flats. Also the functors j* ,i*,i' , ja* pre- 
serve h-injective, since their left adjoint functors preserve acyclic complexes. 



CATEGORICAL RESOLUTIONS, POSET SCHEMES AND DU BOIS SINGULARITIES 



11 



Derived functors : We have denned the following triangulated functors between the derived 
categories D(X), D(X{U)), D(X(Z)), D(X a ) : f, j u i*, i„ Ri\ j*, Lj a+ , Rj m . 
Preserve direct sums : All the above functors except possibly Ri' ( Rj a * preserves direct 
sums since the morphisms f a p are quasi-compact and separated [BoVdB], Cor. 3.3.4). 
Adjunction : (j\J*),(i*,i^),{i if ,Ki [ ),(j^,Kj aif ),(Lj a+ ,j*), are adjoint pairs. This follows 
(except for the last pair) from the adjunctions in Subsection 12.21 above and the fact that 
the functors j a3t preserve h-injectives. For the last pair we need a lemma. 

Lemma 3.4. (Lj a+ ,j*) is an adjoint pair. 

Proof. Choose M G D{X a ) and I G D(X). We need to show that RHom(Lj Q , + M, I) = 
RHom(M, j'*/). We may assume that M is h-flat and I is a special h-injective (Lemma 
13. 2p . Moreover, we then may assume that I = jp^K,j3 < a where K £ C(Xg) is h- 
injective. Then j*I = fp aif K and so 

Hom(M, j*J) = RHom(M, j*J) 

by Corollary 115.71 in Appendix. Therefore 

R Hom(Lj a+ M, I) = Hom(Lj a+ M, I) 
= Hom( j a+ M,I) 
= Hom(M,i*7) 
= RHom(M,i*/). 

□ 

Definition 3.5. For F G D(X) we define the cohomology 

H\X, F) := R? Hom(C^, F). 

3.2. Semi-orthogonal decompositions. Recall that functors j\ and i* identify cate- 
gories M.(U) and M(Z) with M.\j and M.z respectively. Denote by Du(M) and 
Dz(M) the full subcategories of D(A4) consisting of complexes with cohomologies in 
M.U and Mz respectively. 

Lemma 3.6. The functors i* : D(M{Z)) -> D(M) and j\ : D(M(U)) -> D(M) are 
fully faithful. The essential images of these functors are the full subcategories Dz(M) and 
Djj(M) respectively. 

Proof. Given F G Dz{M) (resp. F G Djj(M)) the adjunction map F — > i*i*F (resp. 
j\j*F — > F ) is a quasiisomorphism. This shows that the functors i* : D(M(Z)) —> Dz(M) 
and j\ : D(A4(U)) — > Djj(M) are essentially surjective. Let us prove that they are fully 
faithful. 
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Let F,G G D(M(Z)) and assume that G is h-injective. Then i*G is also h-injective 
and we have 

RHom(i*F, i*G) = Hom(i*F, i*G) = Hom(i*«*F, G) = RHom(F, G). 

Similarly, let F,G G D(A4(U)) and choose a quasi-isomorphism jiG — > /, where / is 
h-injective. Then j*I is also h-injective and quasi-isomorphic to G. We have 

RHomO'jF, jiG) = Hom^F,/) = Hom(F,j*/) = RHom(F, G). 

□ 

We immediately obtain the following corollary 

Corollary 3.7. The categories D(M.(U)) and D(M(Z)) are naturally equivalent to Du(M) 
and Dz{M) respectively. 

Corollary 3.8. Fix a G S . Let i : {a} C/ Q and j : U a ^ S be the closed and the open 
embeddings respectively. Then the functor 

jl ■ u : D{X a ) -)« 

is faithful. In particular, the derived category D(X a ) is naturally (equivalent to) a 
full subcategory of D(M) . 

Proof. Indeed, by Lemma 13.61 above the functors 

U ■ D(X a ) -> D(M(U a )) 

and 

jr. D(M(U a )) ^ D(M) 
are fully faithful. So is their composition. □ 

Recall the following definitions from [BoKaJ. 

Definition 3.9. Let A be a triangulated category, B C A - a full triangulated subcategory. 
A right orthogonal to B in A is a full subcategory B 1 - C A consisting of all objects C 
such that Hom(B, C[n\) = for all n G Z and all B G B . 

Definition 3.10. Let A be a triangulated category, B C A - a full triangulated subcate- 
gory. We say that B is right- admissible if for each X £ A there exists an exact triangle 
B -> X with B £ B , C G B 1 - . 

Similarly one defines the left orthogonal to a full subcategory and left admissible subcat- 
egories. 
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Definition 3.11. Let A be a triangulated category, B,C C A - two full triangulated 
subcategories. We say that A has the semi- orthogonal decomposition A = (C,B) if C = B 1 - 
and B is right-admissible. More generally given full triangulated subcategories Ai, ■■■,A n C 
A we say that A has the semi- orthogonal decomposition A= (Ai, A2, A n ) if 

1) A\ is right- admissible; 

2) the right orthogonal A~i is the category T> which is the triangulated envelop of the 
categories Ai , . . . , A n 

3) there is a semi- orthogonal decomposition T> = (A2, ...,A n ). 

Lemma 3.12. Consider the full subcategories Djj(M.) and Dz{M) of D{M). Then 

i) Du(M) L = D Z (M) , 

ii) the subcategory Du(M) C D(M) is right-admissible. 

Proof, i). Let G G D(M) . Then G G Du(M) 1 - ~ {jiD(M{U))) L iff Gj* is acyclic, i.e. 
G € D Z (M). 

ii). Given X € D(M) the required exact triangle is Xjj — > X — > Xz ■ □ 

Corollary 3.13. a) In the notation of Lemma \S.12\ we have the semi- orthogonal decompo- 
sition D{M) = (D z {M),Du(M)). 

b) Choose a linear ordering ax, a n of elements of S which is compatible with the given 
partial order. Using Corollary \3. 7| identify each category D{X ai ) as a full subcategory of 
D(M) = D{X). Then there is the semi-orthogonal decomposition 

D(X) = (D(X ai ),...,D(X an )). 

Proof, a). This follows directly from the definitions and Lemma 13.121 b) Follows from a) 
by induction on the cardinality of the poset S. □ 

4. Compact objects and perfect complexes on poset schemes 
Let us first recall the situation with the usual schemes. 

Definition 4.1. Let T be a triangulated category. 

a) An object K £ T is called compact if the functor HomT(K, — ) commutes with direct 
sums. We denote by T c C T the full triangulated subcategory of compact objects. 

b) An object K € T c is called a compact generator of T if 

K 1 - = {M G T\ Rom(K, M[n]) = for all n } = 0. 

Definition 4.2. Let X be a scheme. An object G G D(X) is called perfect if locally it 
is quasi-isomorphic to a finite complex of free Ox -modules of finite rank. We denote by 
Perf(X) C D(X) the full triangulated subcategory of perfect objects. 



1-1 



VALERY A. LUNTS 



Theorem 4.3. [BoVdBj Let X be a scheme. Then 

a) Perf (X) = D(X) C , 

b) the category D(X) has a compact generator. 

As a consequence of this theorem we obtain an equivalence of categories D(X) ~ D{A) 
for a DG algebra A. Namely, if K G D(X) C is a compact generator and A = RHom(i^, K), 
then the functor 

RHom(ir, -) : D(X) -> D(A) 

is an equivalence (see for example |Lu2] . Proposition 2.6). 
We want to prove analogous results for poset schemes. 

Definition 4.4. Let X = {X a ,f a p} be a poset scheme. We call a complex F = {F a } E 
D(X) perfect if each F a G D(X a ) is such. Denote by Perf (A") C D(X) the full subcategory 
of perfect complexes. 

Remark 4.5. Notice that the functors j*, j\, i*, z*, j* , Lj a+ preserve perfect complexes. 
Proposition 4.6. D(X) C = Perf(^). 

Proof. Fix a minimal element a € S. Let U = S — {a} and denote by j : U )■ S 1 and 
j Q : {a} >■ S 1 the corresponding open and closed embeddings. 

Lemma 4.7. The functors and Lj a+ preserve compact objects. 

Proof. Indeed, their respective right adjoint functors Rj a *,j*,j* preserve direct sums. □ 

By Theorem 14.31 the proposition holds if \S\ = 1. So by induction we may assume that 
it holds for X a and X(U). 

By Lemma 13.61 the functor j\ : D(X(U)) — > D(X) is full and faithful with the essential 
image Du(X). Let M G be perfect. Then i, _1 M G D(X(U)) is also perfect, hence 

compact by induction. Therefore M = M) G D(X) is also compact. Vice versa, 

let M G D{X) C n D V {X). Then M G Z?c/(- ; f) c because the inclusion D V {X) C D{X) 
preserves direct sums. So j^ 1 (M) G L'(A'(L r )) c . By induction j^~ 1 (M) is perfect, so M is 
also perfect. We proved that D(X) C n I>c/(Af) = Peif(X) n J D[/(' ; f)- 

Fix F G D(X) C . Then F a = j* a F G D(X Q ) C , hence F a is perfect by induction. Then 
Jjja+j^F is also compact and perfect. Hence the cone C{g) of the canonical morphism g : 
Lj a+ j^F -> F is compact. But C( 5 ) G so C(g) G Perf (AT). Thus F G Perf (AT). 

Vice versa, let F G Perf (AT) . Then j*F G Perf (X (U)), j* a F G Perf(X a ). By induction 
j*F G D(A'(C/)) C and so jifF G Z)(A') C . Also by induction j* a F G D{X a ) c . Consider the 
exact triangle 

jifF — > F — > Ri«£F. 
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It suffices to show that TLj^j^F is compact. (Notice that Rj'q,* j*F is perfect because a 
is a minimal element.) We know that Lj q , + j*.F is perfect and compact. So the cone C(p) 
of the canonical morphism 

is perfect. Also C{jp) G Djj(X). Hence C(p) G D(X) C and so also Hj a ^j^F is compact. 

□ 

4.1. Existence of a compact generator. 

Lemma 4.8. The category D(X) has a compact generator. 

Proof. Choose a compact generator E a G D(X a ) for each a G S. Put E := (B~Lj a+ E a . 
Then E G D(X) C , since the functor lij a + preserves compact objects. For M G D(X) we 
have by adjunction 

Hom(£,M) = 0Hom(£ a ,M Q ). 

a 

So Eom(E[i],M) = for all i implies that M = 0. □ 

Definition 4.9. ^4 compact generator E G D{X) as constructed in the proof of last lemma 
will be called special. 

We get the following standard corollary. 

Corollary 4.10. The category D{X) is equivalent to D{A) for a DG algebra A. 

Proof. If E is a compact generator of D(X) and A = RHom(i7,£), then the functor 

RHom(£;, -) : D(X) -> D(A) 

is an equivalence of categories. □ 

5. Smoothness of poset schemes 
In this section we prove the following theorem. 

Theorem 5.1. Let k be a perfect field, S - a (finite) poset and X a regular S -scheme 
essentially of finite type. Then the derived category D{X) is smooth. 

Proof. For each a G S choose a compact generator E a for D{X a ) . Then by (the proof 
of) Lemma 14.81 the object 

E := Lj a+ E a 

is a compact generator for D(X). Put A := ~R.Hom(E , E) . It suffices to prove that the 
DG algebra A is smooth. 
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Choose a minimal element 5 £ S, and consider the poset S' := S—{5}. Let X' := X— Xg 
be the corresponding S' -scheme. 

Since (Lj a+ E a )\x s = for each a ^ 5, we may consider 



as a compact generator of D(X'). Put A' := RHom(-E', E'). (The quasi-isomorphism type 
of A 1 is independent of where we compute this RHom: in D{X) or D(X').) 

By |Lu2j . Proposition 3.13 and the induction on \S\ we may assume that A' is smooth. 
Denote 



Then As is also smooth for the same reason. Notice that THlom(Ljs+Es, E') = 0, hence 
A is quasi-isomorphic to the triangular DG algebra 



where ./V = RHom(-B', Jjjs+Es). So by [Lu2], Proposition 3.11 it suffices to show that the 
DG A°? <g> A' -module N is perfect. 

Consider the S' -scheme y = X' x Xs- That is y consists of schemes X a x Xg for a G S' 
and morphisms f a g x id : X a x Xg — > Xr x Xg. We denote the inclusion X a x Xg — > y 
by j( a ,S)- 

Let Eg := RHom(£ , (5 , C^J be the dual compact generator of D(Xg). Then RHom(£|,£|) ~ 
t4^ p |Lu2j . Lemma 3.15. For each a 6 S" S a IEI i?| is a compact generator of D(X a x X^) 
[BoVdBj . Lemma 3.4.1. Thus 



£' := lij a +E, 



'a 



A 8 := KHom(Lj s+ E s ,Lj s+ E s ) ~ RHom^,^). 




E:= @Lj (a>S)+ (E a ME*g) 



a£S> 



is a special compact generator for D(y). 



Lemma 5.2. There is a natural quasi-isomorphism of DG algebras 



RHom(£,£) ~ ,4° p ® A'. 



Proof. We have 



RHom(£,f;) 



RHom(Lj (Qj5)+ (£ Q B E* s ),Lj (M+ (E fi M E* s )) 
© a >„ RHom(£ Q B E* s ,L(f a p x id)*(^ M E* 6 )) 
Q>/3 RHom(£ a M Eg,lif*aEp M E* s ). 
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Now by |Lu2j . Proposition 6.20 

RHom(£ Q M Eg,Lf*gEp ® E* s ) 



RHom(£ a , Lf*pEp) ® RHom(£|, £J) 
RHom(E a ,L/*^)®^ p . 



Similarly, 



RHom(£',£') ~ © a >^RHam(Lj a+J B a ,Li j9+ ^) 
~ © a >^RHom(£? a ,L/^). 
This proves the lemma. □ 

It follows that the functor 

V M (-) := RHom(l, -) : D(y) ->■ D{Af ® A') 

is an equivalence of categories. 

For each a S S', such that a > 5 denote by T(a, 5) C X a x the graph of the map 
f a g : X a — > X5. Define the coherent sheaf i 7 on 3^ as follows. For a € 5' such that a > 5 
put F a := Or(a<5) £ coh(X a xlj). If 5 a, then put F a = 0. The structure morphism 
<^a/3 : fapFp — > Fa is the canonical isomorphism. 

Lemma 5.3. PFe /lave tyg(F) — iV. 

Proof. By definition 

iV = RHom^(S / ,Lj (5+ ^) 

= ©aeS' RHom^(Lj Q+ £; a , Lj 5+ £; 5 ) 
= aeS ,RHom Xa (i? ai L/^) 

On the other hand 

RHomytE.F) = © ae5 , RHo m:> ;(Li M)+ (£ Q SI F) 
= ae5 ' R Hom *. xx s (Ea B , Or( Q 5) ) 

Let us analyze one summand in the last sum. Denote by E a 1^ i? a x E$ ^ E$ and by 
7 : r(a<5) — > X,j the obvious projections. 

RKom(E a ®E* s ,O r{a5) ) 

= RHom(p^ Q ® p*R^om(^, O r(a<5) ) 

= RHom(p*S a , R^om(p*R^ m(£ 5 , O r( a5))) 

= RRom(plE a ,Knom T(aS )(W s Knom(Es,Ox s ),0 T{aS) )) 

= RHom(p;£ Q ,R%om r(a(5) (RHom r(Qi) (L-f*E s , O v ^ a&) ), £>r(a<5) )) 

= RHom(p^ Q) L7*^) 

= RHom(B a ,L/*^). 

This proves the lemma. □ 
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Since the poset scheme y is regular the object F G D(y) is compact by Proposition 14.61 
Hence N ~ ^g(F) G D{A°^ (g) A') is also compact, i.e. is perfect. This proves Theorem 
EU □ 

6. Direct and inverse image functors for morphisms of poset schemes 

Let S, S' be posets and r : S — > S' be an order preserving map. Let X = {X a , f a p} 
(resp. X' = {X' a ,, f a 'p'} ) be an S -scheme (resp. an S"-scheme). 

Definition 6.1. A t -morphism F : X — > X' is a collection of morphisms {F a : X a — > 
^r(a) }c*£S such that for each a > /3 the following diagram commutes 

JL a — > 
\. F a \- Fp 

r{a) ' A tC8) 

Let F : X — > X ' be a r -morphism and G G Qcoh X /. We define F*G G QcohX as 
follows. For a G S put (F*G) a = F%G T r a \ and define the structure morphism <p a p : 
fapFpGrtP) ~> J\fi T ( a ) as •^ r «^( Q ,) r ( ) g)] where $ is the structure morphism for G. This 
defines a functor F* : QcohX 1 — > QcohX. We also consider its left derived functor ~LF* : 
D(X') — > D(X) which is defined using the h-flats. 

Notice that the functor F* preserves h-flats. 

Example 6.2. We have F*O x > = LF*O x < = O x . Hence, for any G G D(X') we 
obtain the map F* : H'(X',G) — > H'(X ,hF*G); in particular we get the map F* : 
H*(X' ,O x >) — > H'(X,O x ). Also the usual morphism F*Q\>/ — > £l x induces the map 

H*{X',tt x ,) -> H*(X,n x ). 

Given another morphism of poset schemes T' : X ' — > X" there are natural isomorphisms 
of functors F*F'* ~ (F'F)*. Since the functor F'* preserves h-flats we also have an 
isomorphism LF* ■ LF'* ~ L(F'F)*. 

The functor F* has the right adjoint functor F* which we now describe. 

We will use Remark 12.41 

For a' G S' we put r _1 (> a') := {7 G 5|r( 7 ) > a'}. Fix F G QcohX. If 7 G r _1 (> a'), 
then f! r r 1 \ a i it .(Fj*Fry) G QcohX' a ,. If <5 > 7, then the structure morphism -057 : ^7 — >• fsy*Fg 
induces the morphism 

/r(7)a'*(-^7*-^7) — ^ /r^a'*^*-^)- 

We define 

(F*F) a , = lim fr^a'A^Fi)- 

7er- 1 (>o; / ) 
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If a' > (3' there is a natural morphism ip' a ig, : fa'pi*(-^*^)a' ~> (F^F)^. Thus F*F G 
QcohX' and we get a functor J 7 * : QcohX — > QcohX' . We define its right derived func- 
tor RJ 7 * : D{X) — > D(X') using the h-injectives. The pairs of functors (J 7 *, J 7 *) and 
(LJ 7 *, RJ 7 *) and adjoint. 

Given another morphism of poset schemes T' : X' — » Af" there are natural isomorphisms 
of functors F'^F* — (J 7 ' J 7 )*. Although the functor J 7 * may not preserve h-injectives we still 
have a natural isomorphism of functors RJ 7 * • RJ 7 * ~ H(F'F)* (this follows by adjunction 
from the isomorphism LJ 7 * • LJ 7 '* ~ L(J 7/ J 7 )* ). 

The direct image functor may be computed fiberwise in case r is the projection of a 
product poset on one of the factors. Namely we have the following lemma. 

Lemma 6.3. Assume that T is a poset, S = S' x T is the product poset and r : S — > S' 
is the projection. Then in the above notation for any a' € S' we have 

(T*F) a > = lim FyxFy. 

7Gt — 1 (a') 

Proof. This is clear. □ 
Example 6.4. Let S' consist of a single element a' and X a i = pt. Then for F G D(X) 

rt;f = H\X,F). 

7. Categorical resolutions by smooth poset schemes 

Let S be a (finite) poset and let X be a smooth ( S— )poset scheme (so that the category 
D(X) is smooth by Theorem 15. ip . Let Y be a scheme (which can be considered as a poset 
scheme) and ir : X — > Y be a morphism of poset schemes (i.e. a r -morphism for r : S — > pt, 
in the terminology of the previous section). 

Definition 7.1. We call the morphism tt a categorical resolution of Y if the functor L-zr* : 
D(Y) — > D(X) is a categorical resolution, i.e. its restriction hn* : Perf(Y) — >• Peicf(X) is 
full and faithful. 

We can localize the morphism tt over Y in the obvious way. Namely, given an open 
subset W C Y we denote by X\y the poset scheme which is the unverse image of W under 
tt. Let iryy : X\y W be the corresponding morphism. If W is affine W = SpecB, then 
the B -module R?(ttw)*Ox w is isomorphic to H 3 (X\y, Ox w )- 

Proposition 7.2. Let X be a smooth poset scheme, Y be a scheme and ir : X — > Y be a 

morphism. The following statements are equivalent. 

1) tt is a categorical resolution; 

2) the adjunction morphism Oy — > Rvr^O^ is a quasi-isomorphism; 
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3) for each affine open set W C Y the map H°(W, Oyy) — > H°(Xw,Ox w ) is an iso- 
morphism and H 3 (Xyy,Ox w ) = for j > 0. 

Proof. The equivalence 2) 44- 3) is clear. It remains to prove the equivalence 1) 44> 2). 

Lemma 7.3. Let C,T> be categories, F : C —> T> a functor and G : T> — > C its right adjoint 
functor. Fix an object B G C . Then the following assertions are equivalent 

a) For any object A G C the map F : Hom(A, B) — > Hom(F (A) , F (B)) is an isomor- 
phism; 

b) The adjunction morphism Is ■ B — > GF(B) is an isomorphism. 

F 

Proof. The composition of the map Hom(A, B) — > Hom(F(A), F(B)) with the canonical 
isomorphism Hom(i ? ( J 4), F(B)) ~ Hom(^4, GF(B)) is equal to the map (Ib)* ■ Hom(A, B) — » 
Rom{A,GF(B)). □ 

Now we can prove the equivalence 1) 2). 

Since the functor L-7T* : D(Y) D(X) preserves direct sums and perfect complexes (i.e. 
compact objects) it is easy to see that it is full and faithful if and only if its restriction 
to the subcategory Perf(Y) is such. (Use the fact that D(Y) is the smallest triangulated 
subcategory of D(Y) which contains Perf(Y) and is closed under direct sums.) Hence 
by Lemma 17.31 the functor L-zr* : Perf(Y) — > Perf(A') is full and faithful if and only if for 
every K € Perf(Y) the adjunction map K — > R7r*L7r* K is an isomorphism. But the last 
assertion is local on Y, and locally K is isomorphic to a finite direct sum of shifted copies 
of the structure sheaf. □ 

We give examples of categorical resolutions by smooth poset schemes in Section [TBIbelow. 

8. HOW TO COMPUTE IN D{X) 

The restriction of an h-injective object I G D{X) to X a € X may not be h-injective. 

Example 8.1. X = {pt — > A 1 } and I = j*(k), where j is the inclusion of the point pt 
in X. Then the object I € QcohX is injective, hence h-injective as an object in D(X), 
but its restriction to A 1 is not. 

Nevertheless if I 6 F>(X) is h-injective, then the object I a G D(X a ) can be used to 
compute RHom(M, -), if M G D(X a ) is h-flat. 

Lemma 8.2. Let L G D{X) be h-injective. Fix a G S and let M G D(X a ) be h-flat. 
Then the complex Hom(M,4) is quasi-isomorphic to RHom(M,7 a ). 

Proof. A proof of this lemma is contained in the proof of Lemma 13.41 above. □ 
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Lemma 8.3. (a) Fix a £ S and let F G D(X) be such that F = j a +F a for an h-flat 
F a G D(X a ). Then for any G G D(X) we have 

Hom D( ^(F,G) = Hom D{Xa) (F a ,G a ). 

(b) Suppose that a G S is the unique minimal element of S, i.e. S = U a (Subsection 
EP - Then for any G G D(X) 

H*(X, G) = H (X a , G a ). 

Proof. By Lemma 13.41 the functors (Lj a ^,j^) are adjoint, which implies (a). Now (b) 
follows because Ox = ja+Ox a - □ 

The next proposition generalizes the last lemma. 
Proposition 8.4. Suppose that a complex F G C(X) has a resolution (in C{X) ) 

(8.1) -> K n -)■ ... -> K\ -> K -»• F 

where for each i, K{ = (B a j a +M^ with M % a G C(X a ) being h-flat. Let I G C(A?) 6e 
such that for each a G S and each i, Hom(M^,,/ Q ) = RHom(M*,/ a ) (for example I is 
h-injective as in Lemma \8.Sfy . Then the complex RHom(F,7) is quasi-isomorphic to the 
total complex of the double complex 

(8.2) -> Eom(K ,I) -t Hom^i, I) -»■ ... -> Bom(K n ,I) -> 0. 
Moreover, for each i 

Eom(Ki,I) = 0Hom(Li M Mi,7) = 0Hom(M*,I a ) = 0RHom(K,7 a ). 

Hence in particular we obtain a spectral sequence which converges to Ext(i ? , /) mf/i f/ie 
-Ei -term being the sum of groups Ext(M^, I a ) . 

Proof. This follows from Lemma 13.41 and Lemma l8.2[ □ 
The following example will be of primary interest to us. 

Example 8.5. In case F = Ox one can take a resolution \8.1\ with Ki = (& a ja+Ox a , i-e. 

= Ox a ■ ( The same index a may appear in different Ki 's and it may also appear more 
than once in a given K{.) Given G G D{X) choose its h-injective replacement I. Then 
the double complex \8.S\ consists of sums of spaces T(X a ,I a ) and the E\ -term is the sum 
of groups H*(X a ,G a ). The differential d\ between the cohomology groups is simply the 
sum of the maps induced by the structure morphisms 4> a /3 : f^pGp — > G a . In particular d\ 
preserves the degree of the cohomology groups H'(X a ,G a ). 
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In case the complex G £ D{X ) is bounded below we can use instead of an h-injective I 
the canonical Godement resolution G — > C*(G), such that for each a the complex C'{G) 
consists of flabby sheaves. Notice that the complex C°(G) consists of Ox -modules which 
are no longer quasi- coherent (see Section^ below). 

Definition 8.6. We call any spectral sequence converging to H'(X,G) as in the above 
example a standard one. (It is not unique because one can choose different resolutions \8.1\ 
of O x .) 

Example 8.7. Assume that a poset S consists of 4 elements {a, Pi, 02, /3s} where a > 
for all i and no other relations. Therefore we have 4 irreducible open subsets U a ,Up i C S. 
If X is an S -scheme one can take for example the following resolution \8.1\ of the structure 
sheaf Ox '■ 

-> K x -> K Q -> Ox -> 0, 
where Kq = (Bijfc+Oxp. and K\ = {j a +Ox a )® 2 ■ This gives a standard spectral sequence 
converging to H'(X,Ox) with the E\ -complex 

H\X Pi , Ox f3i ) -+ H'(X a , Ox a )® 2 . 

i 

Part 2. Poset schemes and Du Bois singularities 

9. Other variants of poset ringed spaces 

Besides poset schemes and quasi-coherent sheaves on them we can consider "poset" ver- 
sions of other usual structures. We give some examples which will be used later. Let X be 
a poset scheme. 

1) One may define an abelian category ModO^ just as we defined QcohX by requiring 
the sheaves F a to be arbitrary Ox a -modules and not necessarily quasi-coherent ones. 
Moreover we may consider the abelian category Sh(^f) of sheaves of abelian groups on X. 
(That is we consider each X a as a ringed space with the structure sheaf Zx a , so that the 
gluing is by maps 4>' aj3 : f~pFp — >• F a . ) Because of the natural morphism f~pFp — > f*pF/3 
each object in Mod X defines an object of Sh(^f). 

2) Denote by X et the same diagram of schemes where we consider each X a with the 
etale topology. Let Sh(A' et ) denote the abelian category of sheaves of abelian groups on 
X. For a prime number I and n > 1 let Sh;n(^f et ) c Sh(^ ct ) be the full subcategory of 
TLjl n -modules. 

3) If X is a complex poset scheme of finite type we may consider the corresponding 
poset analytic space X &n . It comes with the structure sheaf Ox^. (We will be interested 
in X' An only for projective X. ) Again we denote by Sh(A ,an ) the abelian category of 
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sheaves of abelian groups on X w . As in the algebraic case, a sheaf of Ox^ -modules may 
be considered as an element of Sh^X 3,11 ). In particular the analytic deRham complex il^ an 
is a complex in Sh(^f an ) which is a resolution of the constant sheaf C^an. 

All the functors defined in Section 12.11 for quasi-coherent sheaves exist also in the cate- 
gories described in 1),2),3) above. They have all the properties listed in Subsection 12.21 

Lemma 9.1. There are enough injectives in all the above categories ModOx, Sh(A'), 
Sh(^ ct ), Sh t n(X et ), Sh{X an ), etc. 

Proof. The proof is essentially the same as the one of Proposition 12.81 □ 

Definition 9.2. Using the above lemma we may define for each bounded below complex L 
of sheaves in Sh(A" ? ) its cohomology 

H'(X\L) = Ext'(Z x i,L) 

Let L is a bounded above complex of sheaves in one of the categories in Lemma 19.11 
There is a spectral sequence converging to H'(X,L) defined similarly to Example 18.51 
Namely choose a resolution 

-> K n -> ... -> K Q -> Z x ? -> 

where each K% is a direct sum of objects ja+%<X a > which are extensions by zero from irre- 
ducible open subsets U a of the constant sheaf Z. Choose also an injective resolution L — > I. 
Then exactly as in Section [8] we get a spectral sequence which converges to H'(X, L). The 
Eq -term consists of sums of spaces 

r(X a! I a ) = Rom(j a+ Z Xa ,I a ) 

and the E\ -term is the sum of cohomologies H'(X a ,L a ). 

Notice that instead of an injective resolution L — > / we could use the canonical flabby 
Godement resolution L — > G(L). (Since the Godement resolution of usual sheaves is func- 
torial it extends to poset sheaves in Sh(^f ? ). ) 

Definition 9.3. As in the case of quasi- coherent sheaves fDefinition \8.6\) we call the above 
spectral sequence converging to H'(X ,L) a standard one. 

Remark 9.4. Assume that L is a bounded below complex in QcohX. By comparing the 
corresponding standard spectral sequences we conclude that the cohomology of L is the same 
whether we consider L as a complex over QcohX or over Sh(X). 
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9.1. Poset GAGA. Let X be a complex projective variety, X an - the corresponding 
analytic space and t : X an -4 X the canonical morphism of locally ringed spaces. For an 
Ox -module F we denote by -F an = l*F its analytization. By adjunction we obtain the 
canonical morphism of sheaves clf ■ F — > L*F an . Let Y be another complex projective 
variety and / : X — > Y be a morphism. The adjunction morphism induces a morphism 
of sheaves Op ■ (f*F) aD — > / an F an . If F is coherent then it is known by |SGAIj . Expose 
XII, Th. 4.2 (which is an extension of GAGA) that this morphism Of induces a quasi- 
isomorphism (R/*F) an -> R/ an F an . In particular H(X,F) = H(X an ,F an ) for a coherent 
sheaf F. 

Let 5 be a poset, let X be a complex projective 5 -scheme, and F € Mod Ox- Again we 
denote by F an - the analytization of F - the corresponding analytic sheaf on the poset an- 
alytic space X an . The poset analogue of the adjunction map clf above induces a morphism 
of the standard spectral sequences for H'(X,F) and H'(X an , F an ). If F G cohX then 
it follows from the above cited result in [SGAIJ that the induced morphism of E\ -terms 
is an isomorphism. In particular for a coherent F we have H'(X,F) = H*(X a,n ,F an ). 
Moreover for F £ cohX the standard spectral sequence for H'(X,F) degenerates at E r 
for r > 2 if and only if the standard spectral sequence for H' (X an , F an ) degenerates at 
E r . All the above holds also for bounded below complexes of coherent sheaves on X. 

Let S' be another poset and r : S — > S' - a map of posets. Let X' be a complex 
projective S' -scheme and T : X — > X' - a r -morphism (Definition 16. ip . Then for F € 
coh X there is a natural quasi-isomorphism of complexes of sheaves on X' an 

(RF,F) an ^> RF an F an . 

In particular, for the deRham complex Q x we have 

10. Degeneration of the standard spectral sequence for H'(X an ,C) when X 

is a smooth projective poset scheme 

Theorem 10.1. Let X be a smooth complex projective poset scheme. Then the standard 
spectral sequence converging to H*(X a,n ,C) = H'(X an ,Cx^ n ) degenerates at E2 ( cfe = 
c?3 = ...0 ). That is the cohomology H' (X an ,C) is isomorphic to the cohomology of the 
complex 

(10.1) E x = ... -4 ®H'{Xl n ,C) ^ ®H'{X an ,C) -4 ... 

Proof. We use Weil conjectures (Deligne's theorem) [De] to prove this. We follow the strat- 
egy of [BBDj,Ch.6 using canonical Godement flabby resolutions as in [FK],Ch.l,Sect.ll,12. 
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The argument has three steps: first we pass from the analytic topology to the etale one, 
then pass to a poset scheme over a finite field, and finally we use purity of the Frobenius 
endomorphism on the etale /-adic cohomology of a smooth projective scheme. 

Step 1. Choose a prime number I. Since the fields Q; and C are isomorphic, it suffices 
to prove the degeneration of the analogous spectral sequence for the cohomology groups 

Let Y be a complex scheme. We have the natural morphism of topoi t : Y an — > Y et . This 
morphism induces the inverse image functor between the corresponding categories of abelian 
sheaves l* : Sh(X et ) -> Sh(X an ). It has the following properties |FK] .Ch.l.Prop.ll.4. 

• Given a morphism of schemes / : X — > Y there is a natural isomorphism of functors 
/ an * • t*. = t* x ■ f et *. In particular, t* is an exact functor. 

• For any point y € Y an and any F £ Sh(Y ct ) the stalks F y and {i*F) y are 
naturally isomorphic. 

• For a finite ring R we have t*(i?yet) = Ry^ and it induces an isomorphism 
H'(Y* n ,R) = H'(Y ct ,R). 

Recall that the cohomology groups H'(Y ct ,<Qi) are defined as 
H'(Y et ,%) := (Ihn H'(Y c \Z/l n )) ® Zl Qi 

It is known that the morphism i induces an isomorphism l* : H'(Y et — > H'(Y a,n ,Qi). 
We want to extend this result to poset schemes. 

Namely, let X et denote the poset scheme X considered in the etale topology. Similarly to 
the analytic case we define the cohomology groups H'(X et , Z/l n ) = Ext*((Z// n )^ot , (Z/l n ) X ct) 
and 

:= (limH'(X ct ,Z/n) ® Zl % 

Again there is an obvious standard spectral sequence converging to H'(X et , Qj). 

The morphism of topoi i induces the corresponding morphism i : X &Xi —> X et and the 
functor i* : Sh(X et ) -> Sh(^ an ). 

Lemma 10.2. The morphism of topoi i : X &n — > X et induces an isomorphism H 9 (X et , Qj) = 
H'(X a,n , Qj). More precisely, there is a natural morphism of standard spectral sequences 
converging to H'(X et ,Qi) and H'(X an ,Qi) respectively, which induces an isomorphism of 
the corresponding E\ -complexes. 

Proof. For each a G S and n G Z denote by (Z/l n )x a — > G ajn the canonical Gode- 
ment flabby resolution [Goj . [FK] , pp. 129-130. Then naturally G n = {G an } is a complex 
in Sh(^ ct ). Moreover, G n+1 ® z/ ,^i Z/P = G n . The cohomology ^ # (^ ct ,Z// n ) can be 
computed using the resolution G n . In particular the standard spectral sequence converging 
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to H'(X et , Z/l n ) is defined by the double complex T(G n ) which consists of sums of groups 
T(X a ,G n ). These double complexes form an inverse system 

(10.2) ... -> r(G 2 ) r(Gi) 

and the double complex 

(10.3) limrxoo^ Q, 

computes the cohomology H*(X ct , Qj). Applying the functor l* to the inverse system 
of complexes {G n } provides the desider morphism of standard spectral sequences for 
H*(X ct ,Qi) and H*(X a,n , Qj) respectively. This morphism induces an isomorphism of 
E 1 -terms, because H*(X%,%) = H'(X^,Qi) for each a. □ 

So in order to prove the theorem it suffices to show the degeneration of the standard 
spectral sequence for H'(X et , Qj). 

Step 2. For any smooth complex scheme Y we can find a discrete valuation ring 
V <zC whose residue field is the algebraic closure of a finite field, and a smooth morphism 
Yy — > SpecV, such that Y is obtained by extension of scalars from Yy. Let Y s be the 
closed fiber of Yy. We obtain the diagram of schemes 

Y Yy <-*- Y s . 

These morphisms induce isomorphisms 

H*(Y et ,%) H'(Yy,Qi) A H'(Y s et ,%). 

This extends to smooth poset schemes. Namely, we can find V as above and a smooth 
poset scheme Xy over SpecV, which gives rise to X by extension of scalars. Let X s again 
be the closed fiber, which is a smooth poset scheme over F q . Consider the correspodning 
diagram of poset schemes 

A. t A.y i *^-s> 

Lemma 10.3. The morphisms u, i induce isomorphisms 

H'iX^M) H'iXpM) A H'iXfM). 

More precisely the morphisms u, i induce morphisms of the standard spectral sequences 
converging to these groups. And these morphisms induces isomorphisms of the corresponding 
Ei -terms. 

Proof. The proof is very similar to the proof of Lemma 110.21 Namely one considers the 
Godement resolution G n of the constant sheaf Z/P on Xy and passes to the inverse 
limit. We omit the details. □ 
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So it suffices to prove the degeneration of the standard spectral sequence for 

F«(Af s et ,Q/). 

Step 3. The geometric Frobenius endomorphism Fr acts on the smooth poset scheme X s 
and hence on the standard spectral sequence which converges to H*(Xg t ,Qi). For each 
a E S Fr acts on H n (X^ s ,Qi) with eigenvalues 9 such that \9\ = q n l 2 (Weil conjectures, 
see |De| ) . 

In the standard spectral sequence each differential d r for r > 2 is a map between 
subquotients of F n (X^,Q/) and H m (Xf s ,%) for n > m. Hence d r = for r > 2. This 
completes the proof of Theorem 110.11 □ 

11. Degeneration of Hodge to deRham spectral sequence for smooth 

projective poset schemes. 

Definition 11.1. Let X be a smooth complex projective poset scheme. Recall that the 
analytic deRham complex f2^ an is a resolution of the constant sheaf C^-an. As in the case 
of a single smooth variety the "stupid" filtration F p Q,* Xa , n '■= ®i> p f^ an of this deRham 
complex gives rise to the Hodge-to- deRham spectral sequence converging to H'(X a,n ,C). 

The following theorem is the poset scheme analogue of the well known degeneration of 
the Hodge-to-deRham spectral sequence for smooth projective varieties. The proof uses 
Theorem 110.11 above. 

Theorem 11.2. Let X be a smooth complex projective poset scheme. Then the Hodge-to- 
deRham spectral sequence degenerates at the E<i -term. That is d<i = d^ = ... = 0. Hence 

(11.1) H'(X™, C) = H-p (* an , f^ an )- 

v 

In particular the map C^-an — > Ox^ induces a surjection H'^X 3,11 , C) — > H'(X an , O^an) = 
H'(X,O x ). 

The decomposition{TT7J\is (contravariant) functorial with respect to morphisms of smooth 
projective poset schemes. 

Proof. The degeneration of the Hodge-to-deRham spectral sequence follows by dimension 
counting from the isomorphism 111.11 The last assertion of the theorem is obvious. So it 
suffices to prove fTTTTl To compute the cohomology of C^an we may use the Dolbeaut reso- 
lution C^-an — y f2^. an — > .4" an , where A p ' q is the sheaf of C°° (p,q) -forms. The canonical 
morphism of complexes 0^. an ^— J7^. an — > ^^ an lifts to a morphism of the corresponding 
Dolbeaut resolutions A" A- p ' 9 — > A p ' m . Thus we obtain the induced morphisms of 
standard spectral sequences (Definition 19. 3p for 0^. an , 0;^, and 0^. an respectively. 
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Using the usual Hodge decomposition for each X a £ X we find that the E\ -term of 
the standard spectral sequence for £l* Xsa is the direct sum of complexes E^ p ' q \ where 
E^f'^ consists of summands H p,q (X a ,C). Certainly the E\ term of the standard spectral 
sequence for the complex O^L (resp. Sl^L, resp. fi^an ) identifies as a direct sum- 
mand of this complex which consists of summands H- p, '(X a C) (resp. H- p, '(X a , C), 
resp. H p '*(X a , C) ). By Theorem 110.11 the standard spectral sequence for the complex 
O^-an degenerates at E2. Applying the next lemma we conclude that the standard spectral 
sequences for these other complexes also degenerate at E2 ■ Now using the dimension count 
we find the isomorphism Ill.TT which proves the theorem. □ 

Lemma 11.3. Let A — > B be a morphism of bounded below double complexes. Denote 
by E r (A) and E r {B) the E r -terms of the corresponding spectral sequences converging to 
H 9 (Tot(A)) and H'(Tot(B)) respectively. 

i) Assume that the spectral sequence for B degenerates at E r (B), i.e. = d r (B) = 
d r +i(B) = ... and the induced map of complexes E r (A) — > E r (B) is injective. Then the 
sequence for A also degenerates at E r . 

ii) Assume that the sequence for A degenerates at E r and the map E r (A) — > E r (B) is 
surjective. Then the sequence for B also degenerates at E r . 

Proof. This is obvious. □ 
In the proof of the last theorem we also obtained the following result. 

Proposition 11.4. Let X be a smooth complex projective poset scheme. Then the standard 
spectral sequences converging to the cohomology of X an with coefficients respectively in 
fi^an , f^an , ^ m degenerate at E2 -terms. 

Now using GAGA we derive the corresponding statements in the algebraic category. 
Namely let X be a smooth complex projective poset scheme. We consider again the 
"stupid" filtration F p ft' x := ®i> p £l l x of the algebraic deRham complex. It gives rise to the 
spectral sequence converging to H'(X an ,ft x ). We also call it "Hodge-to-de Rham". 

Theorem 11.5. Let X be a smooth complex projective poset scheme. 

a) The (algebraic) Hodge-to-de Rham spectral sequence degenerates at the E2 -term. That 
is c?2 = a?3 = ... = 0. Hence 

(11.2) H-(x,n x ) = @H- p (x,n p Y ). 

v 

The decomposition is functorial with respect to morphisms of poset schemes. 

b) The standard spectral sequences converging to the cohomology of X with coefficients 
respectively in 0, x p ,Q x p ,^l P y degenerate at E2 -terms. 



CATEGORICAL RESOLUTIONS, POSET SCHEMES AND DU BOIS SINGULARITIES 



29 



Proof, a) As in the analytic case everything follows from the isomorphism 1 1 1 . 21 by dimension 
counting. But this isomorphism 1 1 1 .21 follows from the isomorphism 1 1 1 ,11 and Subsection 19. 11 



Example 11.6. Let us give a simple example of a projective poset scheme which is not 
smooth and for which the standard spectral sequence converging to H'(X ,Ox) does not 
degenerate at E2 ■ Namely, let X be be a projective curve which is the union of two projective 
lines C\ and C2 which intersect transversally at 2 points pi and p 2 - Then H l (X,Ox) 
has dimension 1. Now take two copies of the curve X = X\ = X2, and let the poset 
scheme X consist of X\, X2, C\, C2,pi,P2 with the obvious maps from each of the C 's 
(resp. p 's) to each of the X 's (resp. C 's). Then a standard spectral sequence converging 
to H'(X ,Ox) has for the E\ -term the natural complex 



where H'(Y) denotes H'(Y,Oy)- Let 7^ a € H l (X, Ox)- Then (a,— a) is a nonzero 
cycle in the above complex and it is not difficult to check that d2(a, —a) 7^ 0. 



Cubical hyperresolutions are poset schemes of a certain type. Here we briefly recall the 
definition and the main properties of cubical hyperresolutions according to [LNM1335],Ex.l. 

For each integer n > — 1 we denote by by the poset which is the product of n + 1 
copies of the poset {0, 1} . Thus for n = — 1 the poset □_ 1 consists of one element and 
□0 = {0,1}. Let \3 n denote the complement in □+ of the initial object (0...0). For 
a = (aQ...a n ) £ □+ we put \a\ = o<q + ... + a n . 

Definition 12.1. Let S be a (finite) poset, X be a reduced separated S -scheme of finite 
type, and let Z be a reduced x S -scheme. We call Z a 2-resolution of X if for each 
/3 G S the commutative diagram 



b) This follows from Proposition 111.41 and Subsection 19.11 



□ 



H'(X 2 ) -»• H'(d) H'(C 2 ) -»• H'ipt) © H'(p 2 ) -> 



12. Cubical hyperresolutions and Du Bois singularities 



Zup — > 
I 

ZlO/3 — > 



Zoi/3 
if 
ZoO/3 



has the following properties: 



1) it is a cartesian square, 

2) Zoop = Xp, 

3) Zqis is smooth, 

4) horizontal arrows are closed embeddings, 

5) the morphism f is proper, 
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6) Ziog contains the discriminant of f. In other words f induces an isomorphism 
f '■ Zoip\Zlip Zq /3\Z 10I 3 . 

Definition 12.2. Fix a poset S and an integer r > 1. Assume that for each 1 < n < r 
we are given an □+ x S -scheme X n so that the O^L^ x S schemes Xqq, 1 and X™ 9 are 
equal. We define by induction on r an □+ x S -scheme Z = rd(<Y 1 , X 2 , X v ), which we 
call the reduction of (X 1 , X r ). Namely, if r = 1 we put Z = X 1 . If r = 2 we define 

' Xjg, if a = (00), 



X' ifaeDx 



for all j3 G Dq x S. For r > 2 we put 

Z = rd( y j:d(X 1 ,...,X T - 1 ),X r ). 

Definition 12.3. Let S be a poset and X be an S -scheme. An augmented cubical 
hyperresolution of X is an □+ x S -scheme Z + such that 

Z + =id{X\...,X r ), 

where 

1) X 1 is a 2-resolution of X, 

2) for each 1 < n < r, X n+1 is a 2-resolution of X™ u , and 
2) Z a is smooth for each agD r . 

We will call the D r -scheme Z = 2 + \Z( 0v .. i o) a cubical hyperresolution of X. It comes 
with the augmentation morphism of poset schemes ir : Z — > X, which is compatible with 
the projection of posets O r x S — > S. 

Theorem 12.4. Assume that the base field k has characteristic zero. Let S be a poset 
and X be a separated reduced S -scheme of finite type. Then there exists an augmented 
cubical hyperresolution Z of X, such that dimZo, < dim<Y — \a\ + 1. 

Proposition 12.5. Let S be a poset, X an S -scheme and Z an x S -scheme, which 
is an augmented cubical hyperresolution of X. Then for each a £ S the D^" -scheme Z ma 
is an augmented cubical hyperresolution of X a . 

We refer the reader to [LNM1335j,Ex.l,Thm.2.15,Prop.2.14 for the proof of the above 
theorem and proposition and also for the study of the category of cubical hyperresolutions 
of S -schemes. 

Remark 12.6. Let X be a reduced separated complex scheme of finite type and let it : Z — >■ 

X be a cubical hyperresolution. Then R-7r^ n C2 an = Cx an - This follows from [LNM1335], Ex.1, Thm. 6.1. 
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Definition 12.7. Let X be a reduced separated scheme of finite type over a field of char- 
acteristic zero. Choose its cubical hyperresolution tt : Z — > X. We say that X has Du 
Bois singularities (X is Du Bois, for short) if the adjunction morphism Ox — > Rvr^O^ is 
a quasi-isomorphism. 

Remark 12.8. The complex TItt^Oz 6 D(X) is independent (up to a quasi-isomorphism) 
on the choice of a hyperresolution of X (\LN~M.1335\, Ex.3). So the notion of Du Bois 
singularities is well defined. 

Remark 12.9. If X has rational singularities (for example X is smooth), then X is Du 
Bois. It was conjectured by Kollar |Ko] and recently proved by Kollar and Kovac [KoKov] 
that if X has log canonical singularities, then X is Du Bois. 

Theorem 12.10. Let X be a reduced separated scheme of finite type over a field of char- 
acteristic zero. Choose its hyperresolution tt : Z — > X. Assume that the adjunction 
map Ox — > Rtt*Oz has a left inverse. Then X is Du Bois (i.e. this map is a quasi- 
isomorphism). 

Proof. See |Kov| . □ 

The notion of Du Bois singularities characterizes the existence of categorical resolutions 
by smooth poset schemes as is shown in the next theorem. 

Theorem 12.11. Let X be a reduced scheme of finite type over a field of characteristic 
zero. Then there exists a categorical resolution of X by a smooth poset scheme (Definition 
1 7. 1\) if and only if X has Du Bois singularities. 



Proof. One direction is clear: if X has Du Bois singularities and tt : Z — > X is its 
hyperresolution then by Proposition 17.21 tt is a categorical resolution of X by the smooth 
poset scheme Z. 

Vice versa, assume that S is a poset, X is a smooth S -scheme and a : X — > X is a 
categorical resolution. Consider the augmented S + := S U {0} -scheme X + defined by a 
(so that Xq = X ). A choice of a hyperresolution of tt : y — > X + induces a commutative 
diagram of poset schemes 

y X 

| a | a 

y ^ x 

which is compatible with the diagram of projections of posets 

D„xS 4 S 

I I 

□n -> {0} 
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and such that ttq (and ir) are hyperresolutions (Proposition 112.5]) . 

By our assumption the adjunction map Ox — > Hlcr*Qx is an isomorphism, and we want 
to prove that the adjunction morphism Ox — > Tl(iro)*Oy is an isomorphism. By Theorem 
112.101 it suffices to prove that this last map has a left inverse. 

Since the poset scheme X is smooth we conclude by Remark 112.91 Proposition 112.51 
and Lemma 16.31 that the map Ox — > Tt-ir*Oy is an isomorphism. Thus the adjunction 
map Ox — > R(c • ir)*Oy = H(iro ■ &)Oy is an isomorphism. But this last map is the 
composition of the adjunction maps Ox — > ^(^o)*Oy Q — > R(7To)* ■ H(a)*Oy. Hence the 
map Ox — > R-(To)*Cy has a left inverse. This proves the theorem. □ 

Cubical hyperresolutions give more: one can define the de Rham complex of a singular 
algebraic variety X. Namely, choose a hyperresolution ir : Z — > X and define the de 
Rham-Du Bois complex Q x := Hir^O,^. This complex consists of Ox -modules and has the 
differential which is a differential operator of order 1. It has coherent cohomology and is well 
defined (independent of the choice of a hyperresolution) up to a quasi-isomorphism in the 
appropriate derived category [LNM1335],Ex.3. There exists a canonical morphism of filtered 
complexes from the usual de Rham complex Q x to Q,' x which is a quasi-isomorphism if 
X is smooth. 

If X is a reduced separated complex scheme, then the analytization (f^:) an = il3s: an ^ s 
a resolution of the constant sheaf Cx an - 

The stupid filtration of the complex £l' z induces a filtration on the de Rham-Du Bois 
complex and Q x is well defined even as a filtered complex. The associated graded pieces 
are Q? x := gr 4 Q x = TLtt^Q 1 z - If X is proper then this filtration induces the Hodge filtration 
on H'(X an ,C)- 

We will prove in Theorem ll4.1l below that for a reduced complex projective scheme X the 
filtered complex Q_ x can be defined as Rcr^O^,, where X is a smooth complex projective 
poset scheme and a : X — > X is a morphism such that Rcr^ n C^an = Cjf an - 

13. Examples of categorical resolutions by smooth poset schemes 

Let Y be a reducible scheme with irreducible components Yi,...,Y n . Assume that for 
each 1 < k < n and each subset a = {ii, ...ik\ C {1, ...n} the scheme 

k 

X a := fl Yi, 

3=1 

is smooth. (In particular the components Yi are smooth.) Let S be the poset of nonempty 
subsets of {!,..., n} with the natural partial ordering by inclusion. Let X = {X a } be 
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the corresponding smooth poset scheme with the maps / a/ g : X a — > Xp being the obvious 
inclusions. Let tt : X — > Y be the natural morphism. 

Proposition 13.1. The functor L7r* : D(Y) — > D(X) is a categorical resolution of singu- 
larities, i. e. the functor 

Lvr* : Perf (Y) -> Peri(X) 

is full and faithful. 

Proof By Proposition 17.21 we may assume that Y is affine and we only need to prove that 
the map Ext(Oy,Oy) — > Ext(O x , Ox) is an isomorphism. 

We have Ext*(Oy, Oy) = for i ^ 0. On the other hand we have the obvious complex 
in C{X) 

C{O x ) : = ... -> j a+ (O x ) a jp+(O x )p -»• 0, 
|a|=2 |/3| = 1 

which is a resolution of Ox- Since all schemes X a are affine we have Hom(C7(0^), Ox) = 
RHom(C^,^) (ExampleESD. But Rom(C (O x) , O x) is the complex 

0^ ($H (Xp,O Xfj )^ ®H (X a ,O Xa )^... 

1/31=1 \a\=2 
which is quasi- isomorphic to H (Y,Oy)- O 

13.1. Categorical resolution of the cone over a plane cubic. Here we show how 
smooth poset schemes can be used to construct a categorical resolution of the simplest 
nonrational singularity - the cone over a smooth plain cubic. 

Let CcF 2 be a smooth curve of degree 3 (and genus 1) and 7cP 3 be the projective 
cone over C. So Y is a cubic surface with a singular point p - the vertex of the cone. We 
have 

k, if i=0 
0, otherwise. 

Let / : X — > Y be the blowup of the vertex, so that X is a smooth ruled surface over the 
curve C. Denote by i : E = f~ l (p) ^4 X the inclusion of the exceptional divisor. We have 

f k, if i=0,l 
H\X,Ox) = { 

I 0, otherwise, 

and the pullback map i* : H'(X, Ox) —> H'(E, Oe) is an isomorphism. 
Consider the following smooth poset scheme X 

E -> X 

I 

q 



H\Y,O y ) 
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where q = Speck, and the map E — > X is the embedding i. Denote by it : X — > Y the 
obvious morphism which extends the blowup / : X — > Y. 

Proposition 13.2. L7r* : D(Y) — > D(X) is a categorical resolution of singularities, i.e. 
the functor 

Lvr* : Perf(y) Perf (X) 

is full and faithful. 

Proof. Note that the map tt is an isomorphism away from the point p € Y. So we may 
replace Y by the corresponding affine cone Yq over C, fo : Xq — > Yq is still the blowup of 
the vertex and the rest is the same. Denote the corresponding poset scheme by Xq. Then 
it suffices to prove that the map H'(Yq, Oy ) — > H'(Xq, O% ) is an isomorphism. We have 
H l (Yo,Oy ) = for i ^ 0. To compute H(Xq,Ox ) w e may use the spectral sequence as 
in Example 18.51 Then the E\ -term is the sum of the two complexes: 

k®r(X ,O X0 )^r(E,O E ), and H 1 (X ,O X0 )^H 1 (E,O E ). 

The second map is an isomorphism, and the first one is surjective with the kernel r(Yo> CV ). 

□ 

In view of Theorem 112.111 above the last example is a special case of the following result 
of Du Bois |DuB],Prop.4.13. 

Proposition 13.3. Let W C P m be a smooth variety such that for all i > and n > 

the following holds 

H\W,0(n)) = 0. 
Then the cone over W has Du Bois singularities. 

Remark 13.4. In fact, using the same construction as in the above example of the cone 
over a smooth cubic curve it is easy to see that the condition in the last proposition is 
necessary for the cone over W to be Du Bois. For example if W C P 2 is a smooth curve 
of degree > 4, then the cone over W is not Du Bois. 

Some other examples of Du Bois singularities are listed in [St]. For example if X is a 
reduced curve, then X is Du Bois if and only if at every singular point of X the branches 
are smooth and their tangent directions are independent. 
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14. Descent for Du Bois singularities 

Theorem 14.1. Let X be a reduced complex projective scheme. Let X be a smooth 
complex projective poset scheme and a : X — > X be a morphism such that the adjunction 
map Cx an — > Ro"* n C^an is a quasi-isomorphism. Consider the direct image Ro~*n x . This 
complex has a filtration induced by the stupid filtration of the de Rham complex Vl' x . Then 
there exists a natural morphism of filtered complexes 

t : Q x -> Ra^fl x 

which is a quasi-isomorphism. In particular, the map 

gr* t : Ojf ^ Ra*£l x 

is a quasi-isomorphism for all i > 0. So if X has Du Bois singularities, then 0^ ~ Ox — 
Ra*Ox, i.e. the functor Lcr* : D(X) —> D{X) is a categorical resolution of singularities. 

Proof. As in the proof of Theorem 112.111 choose a commutative diagram 

y x 

(14-1) |er la 

y ^ X 

where ttq is a hyperresolution and for each scheme X a £ X the induced morphism tt : 
7r _1 (X Q ,) — > X a is also a hyperresolution. 

Since each X a is smooth we have the quasi-isomorphism of filtered complexes Q x — > 
Rir^fly. It follows that Ra*$l x ~ R(<r • n)^y = R(ttq ■ cr)*S7y. On the other hand by 
definition R(7To)*Oy = Q x . Hence the adjunction morphism : Qy Q — > Ra*fly induces 
the desired morphism of filtered complexes 

(14.2) r : tt x = R(vr )*^ R ^l* 9 R(vr • cr)*0^ ~ Ra,n x . 

We will prove that for each i the map 

gr l r : ->• Ru*^ 
is a quasi-isomorphism (hence r is a quasi-isomorphism). 

Lemma 14.2. For eac/i i the morphism gr J r induces an isomorphism on the hypercoho- 
mology 

ff'(grV) : H'(X,^ X ) -> Rcr*ft^). 

Proof. Note that the map H'{gi t T) coincides with the inverse image map H'(yo,Qy o ) — > 
H'{y, fly) = H'(X, Ra*n x ). 
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The diagram 114.11 induces the corresponding diagram of analytic spaces 

7T an 



Mil 



(14.3) | CT an | a 3 

By Subsection l9.1l it suffices to show that the corresponding inverse image map H'{gi l r an ) : 
H'(yQ U , ^yan) — > H'(y an , Oyan) is an isomorphism. 

Since hq and ir are cubical hyperresolutions we have R(7r an )*C;>;an = Cyan and R(7r an )*Cya 
C^an. Thus by our assumption R(cr an • vr^^Cyan = Cx an - As in the case of the sheaves 
SI* we obtain a natural morphism 

r c : R(7r an )*C}; r -> Ro? C*» 
which is a quasi-isomorphism (both sides are quasi- isomorphic to Cx an )• Hence the map 



is an isomorphism. 
By Theorem 111.21 



(14.4) H%y^,c) = 0ff- ! (c,n^). 

i 

and similarly for y. The map H*(t c ) respects this decomposition and its restriction to the 
i-th summand is the map H'{gi l r an ). It follows that ff*(gr J r an ) is also an isomorphism. 
This proves the lemma. □ 

Lemma 14.3. Let Y be a complex projective scheme with an ample line bundle L. Let 
u : K\ — > K2 be a morphism of complexes in D b (cohY). Assume that for all n » the 
map u induces an isomorphism of the hypercohomology 

H'(Y, K\ ® L n ) —t H'(Y, K 2 <g> L n ). 

Then u is a quasi-isomorphism. 

Proof. See Lemma 3.4 in [LNM1335] (p. 139). □ 

We will prove that the morphism gr t 1 satisfies the assumptions of Lemma 114.31 which 
will prove the theorem. 

Proposition 14.4. Let L be an ample line bundle on X. Then for any n > 1 the map 

gr* t ® L n : gr* r : Q? x ® L n — > (Ra*Cl' l x ) (g) L n induces an isomorphism on hypercohomology 

H'(X,ST X ® L n ) -> H*(X, (Ra*n x ) ® L n ). 
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Proof. We prove the proposition by induction on the dimension of X. If dimX = 0, then 
the statement is equivalent to Lemma 114.21 

We denote by L also the pullbacks of L to the smooth poset schemes X and 3V By 
the projection formula it suffices to prove that the natural map 

H' (X, Rtt * (tly Q ®L n ))^H' (X, R<r» (W x ® L n )) 

is an isomorphism. 

Lemma 14.5. Let Y be a smooth variety, B C Y - a smooth divisor, and M - the 
corresponding line bundle. Then for each i > 1 we have the exact sequences 

-> Qfy -> M ® Q\r -> M <g> Qfy ® B ~> 0, 

-> ft^ 1 -»• M (8) ffy ® M ® O s 0. 

These sequences are functorial with respect to the pair (Y,B). 

Proof. |LNM1335] .p,136. □ 
Let D C X be a general divisor corresponding to L n for n > 1. Let 

Z W 

(14.5) la | a 

Z ^> D 

be the restriction of the diagram 114.11 to D. Since D is general this diagram has similar 
properties: W is a smooth projective poset scheme, ttq is a hyper resolution, and for each 
scheme W a € W the induced morphism it : TT~ 1 (W a ) — > W a is also a hyperresolution. 
Also the adjunction morphism C^an — > Mcr^ n Cvv an is a quasi-isomorphism. 

The exact sequences in the last lemma give rise to similar exact sequences on poset 
schemes X and respectively. Namely, we have 



(14.6) 

o -> fi^ 1 -»• L n ® ® o 2o L n ® ni, o -> o, 

and 

-> -»■ L n ® -> L n ® <g> o w -»• o, 
-> ft^ 1 ->• L n ® fi^ ®O w ^L n ® fi J w -> 0. 

We now push forward these diagrams 114.61 and 114.71 by the functors R7To* and Rcr* 
respectively. By functoriality we have a morphism between the resulting exact triangles 
on X. On the hypercohomology this morphism induces an isomorphism in the term £ly 
by Lemma ll4.2i By induction it also induces similar isomorphisms in the terms Vtg and 
L n §t>VL l ZQ . Hence it induces an isomorphism of hypercohomology in the term L n ® SI l y o ® Oz 
and thus also in the term L n ® Q l y o which proves the proposition and the theorem. □ 
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Part 3. Appendix 

15. COHERATOR AND THE FUNCTORS L/*,R/* 

Probably this appendix contains nothing new but we decided to put together some "well 
known" facts for convenience. 

Let X be a quasi-compact separated scheme. As usual QcohX denotes the category 
of quasi-coherent sheaves on X, C(X) = C(QcohX) - the category of complexes over 
QcohX, D(X) = D(QcohX) - the derived category. We also consider the category Modx 
of all Ox -modules, its category of complexes C(Modx) and the corresponding derived 
category D(Modx). Let C qc (Modx) C C(Modx), Aj C (Modv) C D(Mod x ) be the full 
subcategories of complexes with quasi-coherent cohomologies. 

Both QcohX and Modx are Grothendieck categories. 

The obvious exact functor <p : QcohX — > Modx preserves finite limits and arbitrary 
colimits. It has a left-exact right adjoint functor Qx = Q ■ Modx — > QcohX - the 
coherator. The functor Q preserves arbitrary limits and injective objects. The induced 
functor Q : C(Modx) — > C{X) preserves h-injectives. One defines the right derived functor 
HQ : D(Modx) -> D(X) using the h-injectives. 

Proposition 15.1. The functors <p, HQ induce mutually inverse equivalences of categories 
4> : D(X) D qc (Mod x ), HQ : Z? qc (Mod x ) D(X). 

Proof. See for example [AUeLi], Prop. 1.3. □ 

Lemma 15.2. The functor <j> : C(X) — >■ C(Modx) preserves h- flats. 

Proof. Let F € C(X) be h-flat, N G C(Modx) be acyclic, x £ X. We need to show that 
the complex of O x -modules (F ®o x N) x = F x ®o x N x is acyclic. Let i : SpecO x — > X 
be the inclusion and N x € C(Qcoh(SpecO x )) be the sheafification of the acyclic complex 
N x of O x -modules. Then i*N x is an acyclic complex of quasi-coherent sheaves on X. 
Hence the complex F ®o x **-^x i s a l so acyclic. Thus F x ®o x N x = (F ®o x ^*^x)x is also 
acyclic. □ 

Let / : X — > Y be a quasi-compact separated morphism of quasi-compact separated 
schemes. One defines the derived functors 

Lf* : L>(Mody) -> D(Mod x ), R/* : D(Mod x ) -> ^(Mody), 

using h-flats and h-injectives in C(Mody) and C(Modx) respectively [Sp]. 
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We can also define the derived functor L/* : D(Y) — > D(X) using the h-flats in CiY) 
(There are enough h-flats in C(Y) [AUeLi], Prop. 1.1). 

Lemma 15.3. There exists a natural isomorphism of functors 

L/* • 0y = <\> X • Lf* : D(Y) -> D(Mod x ). 

Proof Let F G D(Y) be h-flat. Then <\> x • L/*(F) = <f> x • On the other hand 

0y(F) is h-flat by Lemma MM Hence L/* • <f>y(F) = f* ■ <hr{F) = <f>x'f*- □ 

Proposition 15.4. a). The functors (L/*,R/*) between D(Mody) and D(Modx) are 
adjoint. 

b). These functors preserve the subcategories Z) qc (Mody) and -D qc (Modx)- 

Proof, a). It is [Sp],Prop.6.7. b). For the functor L/* it follows from Proposition [15T] and 
Lemma 115.31 and for the functor R/* it is proved for example in [BoVdB],Thm.3.3.3 for 
the functor R/*. □ 

The functors /* : QcohY — > QcohX, /* : QcohX — > QcohY are well defined and clearly 
f* ■ 4>y = 4>x • /*• Hence also /* • = Qy ■ /* by adjunction. One defines the derived 
functor 

R/* : D(X) -> 

using h-injectives in C(X). 

Proposition 15.5. There exist a natural isomorphism of functor 

R/* • RQx ^ RQy • R/* : L> qc (Mod x ) £>(r). 

Proof. Let I G Z? qc (Modx) be h-injective. Then RQx(^) = Qx(I) is h-injective in D{X). 
Hence R/* • RQ X (I) = f-Q x (I). also R/,(I) = /*(!). Since / • Q X (I) = Q Y • /(I) we 
get a morphism of functors 

9 : R/* ■ RQ X ->• RQy ■ R/*. 
We claim that is an isomorphism, i.e. Qy ■ /*(/) ~ RQy • f*{I). We will use a lemma. 

Lemma 15.6. The functors R/* : D qc (Modx) -»• D qc (Mody), R/„ : D(X) -)■ 
and RQ are way-out in both directions ( [Ha| ). 

Proof. Obviously all three functors are way-out left. The functor R/* : D qc (Modx) — > 
L> qc (Mody) is way-out right by [Li] (see also [BoVdB], Thm.3.3.3). For the functor RQ 
see for example the proof of Proposition 1.3 in [AUeLi]. 

Let us prove that the functor R/* : D(X) — > D{Y) is way out right. We may assume 
that Y is affine and hence /*(— ) = T(X, — ). 
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Choose a finite affine open covering U = {C/j}f =1 of X. For F E C{X) denote by 

Gu(F) := ->■ ©|j| = iFj -> ©1/1=2^ -> ... 

the corresponding (finite) Cech resolution F by alternating cochains. Here / C {l,...,n}, 
i : (li^jUi — )■ X and Fj = i*i*F S C(X). The complex F is quasi-isomorphic to Cu(F). 
Notice that each complex Fj is acyclic for T(X,—), i.e. JHT(X,Fj) = T(X,Fj). This 
shows that if F is in £>-°(X), then R/*F € D^ n_1 (y). □ 

Using the lemma it suffices to prove that 9(M) is an isomorphism for a single quasi- 
coherent sheaf M on X ( [Ha| .Ch. 1 .Prop.7. 1 . (hi) ) . In other words we may assume that 
I is an (bounded below) injective resolution in Modx of <j)(M) for M £ QcohX. Then 
Qx(I) is an injective resolution of M in QcohX. So Qy ■ /*(/) = /* • Qx(I) computes 
the derived direct image of M in the category of quasi-coherent sheaves. On the other 
hand /*(/) computes the derived direct image of 4>(M). Since /*(/) € D qc (Mody) it is 
quasi-isomorphic to RQy • /*(Fj, So the needed assertion becomes R/*(M) ~ R/* • <f>(M). 
This is proved for example in [ThTr], Appendix B,B.10. □ 

Corollary 15.7. Let I £ C(X) be h-injective and F G C(Y) be h-flat. Then 

Hom(F, /*(/)) = Hom D(x) (F, /*(/)). 

Proof. An analogous statement for the category D(Modx) is proved in |Sp| . 
We may assume that I = Qx(J) for an h-injective J € D(Modx)- Then 

Hom(F, /* • Qx( J)) = Hom(F, Qy • /*(J)) = Hom(0(F), /*(J)). 

Since 0(F) is h-flat (Lemma I15.2j) by [Sp] we have 

Hom(<XF),/*(J)) = Rom D(ModY) (4>(F)J*(J)), 

and by adjunction Hom D ^ ModY ^((j)(F), /*(J)) = Homfl^^F, RQy /*(</))• But in the proof 
of Proposition 115.51 we established a quasi-isomorphism HQy ■ /*(J) — ' f*(J)- This 
proves the lemma. □ 

Corollary 15.8. The functors Lf* : D(Y) -> £>(X) and R/ # : -> £>(F) are 

adjoint. 

Proof. It follows immediately from Corollary 115.71 □ 
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